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It becomes a problem when the input - output feedback linearization of nonlinear 
processes presents unmeasurable disturbances that appear linear in the model and are 
not in the span of control input space. The presented hybrid nonlinear controller, which 
consists of a nonlinear static state feedback with a series of adjustable parameters and 
an internal model, can achieve disturbance attenuation and offset-free pevformance. 
The major advantage of the proposed control system design is to reject disturbance 
without producing a vigorous control action. A simple estimation method of computing 
a single parameter that replaces a series of adjustable parameters of the controller is 
developed. The proposed estimation strategy of computing a single parameter is based 
on the Lyapunov stability theory. These control schemes are illustrated by an example of 
a chemical reactor to obtain satisfactory control. 

Introduction 
Recent developments in the theory of differential geome- 

try provide useful methods for a class of nonlinear systems. 
The central concept of this approach is to algebraically trans- 
form the nonlinear system into the equivalent linear system, 
such that conventional linear control techniques can also be 
applied (Isidori, 1989; Nijmeijer and van der Schaft, 1990). 
Assuming that system states are available, in these new coor- 
dinates the transformed system can exhibit linear dynamics. 
Generally, the nonlinear geometric control technique re- 
quires the accurate mathematical model of the plant to 
achieve exact cancellation of nonlinear terms. But this can- 
cellation is no longer exact when there exist unmeasurable 
disturbances or modeling errors. Therefore, the design of a 
robust stabilizing controller that deals with nonlinear systems 
in the presence of unmeasurable disturbances and uncertain- 
ties is an important subject for design of a satisfactory and 
efficient control system. 

Despite the significant progress and the growing interest in 
nonlinear geometric control, existing equivalent classes and 
output tracking design techniques rarely address the nonlin- 
ear systems in the presence of unmeasurable disturbances and 
uncertainties. In the design of an output regulation of chemi- 
cal processes, a proportional-integral (PI) controller (Kravaris 
and Chung, 1987) or an internal model control (IMC) (Calvet 
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and Arkun, 1988) is usually implemented in the outer loop of 
nonlinear geometric control design to attenuate the effects of 
unmeasurable disturbances or unmodeling dynamics on the 
system output. Calvet and Arkun (1990) and Arkun and Cal- 
vet (1992) have proposed a P or PI stabilizing controller based 
on an algebraic Riccatic equation to ensure closed-loop sys- 
tem stability in the presence of parametric uncertainty. Hen- 
son and Seborg (1991) have developed a new methodology to 
derive a nonlinear controller based on the IMC framework 
and have suggested incorporating a nonlinear filter for 
achieving robustness. Shukla et al. (1992) have proposed a 
nonlinear controller using the IMC framework and have 
shown its capability for controlling a nonlinear pH process. 

To reduce as much as possible the influence of external 
disturbances and uncertainties on the tracking error or regu- 
lated output responses, a high-gain control design is usually 
used to achieve this purpose. In the implementation of such 
control laws, undesirable effects like high control activity and 
controller saturation may result in the controller being easily 
worn down and the closed-loop system being unstable. In 
particular, for most chemical processes containing the un- 
modeled high-frequency noises and the constrained control 
behaviors, this approach is no longer suitable. In this article, 
we study the output tracking problem in the presence of un- 
measurable disturbances that do not satisfy the so-called 
matching condition and avoid employing the conventional 
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high-gain control design. The proposed hybrid nonlinear con- 
trol is a combination of a set of adjustable parameters and an 
internal model to compensate beforehand for the effects of 
unmeasurable disturbances on the system output. Therefore, 
the robustness and performance of the controlled system can 
be improved. A useful estimation method of a single parame- 
ter that replaces a series of adjustable parameters of the pro- 
posed hybrid controller is developed. Here we analyze the 
presented estimation method by the Lyapunov stability the- 
ory and make sure that it is feasible and practical. Finally, 
the proposed control schemes are evaluated through an ex- 
ample of a continuous stirred tank reactor (CSTR). 

Problem Formulation and Analysis 
The purpose of the synthesis methodology to be presented 

is to provide a systematic control framework for a class of 
single-input single-output (SISO) nonlinear systems forced by 
exogenous input disturbances that are bounded and smooth. 
More precisely, we will consider a class of nonlinear systems 
with a state-space representation of the form: 

where f (x ) ,  g ( x ) ,  and o,(x,u), i =  1,2, ..., m, are known vec- 
tor fields on !TIm; x is an n-dimensional state vector; u is a 
scalar manipulated input; y is a scalar controlled output; h ( x )  
is a scalar output function; and d, E 3,  i = 1,2,. . . , m, are 
unmeasurable disturbances. It is assumed that a specified 
time-varying function d; has the property: 

3t* > Os.t.d,(t) =constant d,?, i = 1,2 ,..., m, Vt > t* 

( 2 )  

within a prescribed compact set Z c ZH", and d y  is a fixed 
but unknown constant. Here we restrict ourselves to consider 
a class of SISO nonlinear systems in the presence of distur- 
bances that appear linear in the model. Although such a con- 
sideration cannot handle all disturbances, the proposed 
method will provide the new solution of this class of nonlin- 
ear systems. Calvet and Arkun (1988), Daoutidis and Kravaris 
(1989), and Poslavsky and Kantor (1991) have investigated a 
similar problem, like Eq. 1. 

The corresponding system without external disturbances, 
which satisfies the desired operating point x d  and ud, is ex- 
pressed as 

Furthermore, the important property of the input-output lin- 
earization theory is its relative degree (Jsidori, 1989). In 
essence, the relative degree represents the number of times 
the output y must be differentiated with respect to time until 
the effect of input appears. The relative degree r of the ma- 
nipulated input and relative degree ?; of the disturbance di 
are defined as 
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To compare the relative effects of the manipulated input 
and the disturbances on the output, the disturbances can be 
categorized as follows: 

Since they affect the output less directly than the manipu- 
lated input, the DA disturbances can be decoupled from the 
output with a static state feedback control. The D, disturb- 
ances affect the output more directly than the input and, 
therefore, may be almost decoupled by a high-gain feedback 
technique with the singular perturbation approach (Marino 
et al., 1989). But this approach is not considered here. 

Design model 
To investigate control design in this article we assume that 

the disturbance relative degree belongs to the set of D,. 
Usually unmeasurable disturbances cannot be directly han- 
dled by the feedforward control strategy. Therefore, we will 
consider the following design model, which incorporates a se- 
ries of known constants as follows: 

with 

where p *  = [ p T ,  p ; ,  ..., p;]' is the known and piecewise 
constant vector as tuning parameters on a bounded set II c 2 
E !Xm, that is, 

3t,,t, > 0 s.t. p,*(t) = constant p l ,  

i = 1,2 ,..., rn, V t  E [ t o , t , ] .  (10) 

The class of design model we shall deal with is characterized 
by the following assumption. 

Consider the design model (Eq. 8) and the 
controlled output (Eq. 1) for every x E Y i n  and p* E II: 

Assumption 1. 

A uniform relative degree r ,  that is, 

(12) 
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and 

q l = T , ( x , p * ) ,  i = r + l ,  r + 2  ,..., n and j=1,2  ,..., n - r ,  

(14) 

satisfying 

Lgqj=O, j=1,2  ,..., n - r ,  (15) 

where the symbol ( . ) (x ,p*)  represents the nonlinear opera- 
tor, which is a function of the variable x and the parameter 

It is well known (Isidori, 1989; Khalil and Esfandiari, 1993) 
that the assumption of uniform relative degree is a necessary 
and sufficient condition for the mapping (5,s) = T(x,p*)  to 
be a local diffeomorphism in the neighborhood of every x E 

%" and p*  E n. Under assumption 1, in Eq. 8 we consider 
the output y = 

P * .  

and its derivatives shown as 

Under the previous conditions (Eq. lo), we can consider 
p *  = 0 and p* = p during a time period. Hence the change of 
variables ( 5 , ~ )  = T(x ,p ) ,  for every t E [to,t,], transforms Eq. 
16 into the normal form 

i ,  = 5 2  

where q(.) E !RH"-' is a nonlinear function and q( [,q) = (dq. 
fd) 0 T I (  t , ~ ) .  Notice that the symbol 0 denotes a composi- 
tion function operator. 

Moreover, if the nonlinear algebraic equation, 
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can be solved for u,  then it follows from Eq. 17 that the map 
from the new input v to the output is linearized: 

According to the implicit function theorem (Nijmeijer and van 
der Schaft, 19901, there exists a parameterized static state 
feedback control law: 

that is the solution of Eq. 18. It is shown that there exists a 
us for every xs, ps ,  and v, such that: 

is satisfied. In general, the control law (Eq. 20) can be ob- 
tained in the numerical form from Eq. 18. It is important to 
note that the singular points in the control law must be care- 
fully avoided. Indeed, the control law (Eq. 20) is a feedfor- 
ward/state feedback controller if d, is measurable and p ,  = 

d:" (Calvet and Arkun, 1988; Daoutidis and Kravaris, 1989; 
Henson and Seborg, 1990). Thus, the solution to Eq. 20 has 
" feedforward-like" characteristics. 

Minimum phase system 
The control law (Eq. 20) also makes the state vector q 

completely unobservable at the output. However, we observe 
that ( can be thought of as an external input vector with 
respect to the dynamics of q. The dynamics: 

are referred to as the zero dynamics. Systems in which the 
zero dynamics are asymptotically stable are called the mini- 
mum-phase system. For the purposes of stable tracking, we 
require that the stronger stability criteria for the dynamics: 

be bounded-input bounded-state (BIBS) stable. If the design 
model has the BIBS property, we say that the model has sta- 
ble inverse (Henson and Seborg, 1991; Sussman and Koko- 
tovic, 1991). We will use the following assumption regarding 
the minimum-phase condition throughout this article. 

The zero dynamics (Eq. 22) is exponen- 
tially stable in its domain of definition. Moreover, the func- 
tion q(5,q)  is Lipschitz in 6, uniformly in q. 

By the converse theorem of Lyapunov (Khalil, 1992), the 
exponential stability property of the zero dynamics induces a 
Lyapunov function Wo(q) that satisfies the following inequal- 
ities: 

Assumption 2. 
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(24) 

for some positive constants k , ,  k,, k,, and k, .  

a positive constant L such that: 
Since q(5,q)  is Lipschitz in 5 (Khalilk, 19921, there exists 

where L is called a Lipschitz constant of q(6,q). 
We are now ready to design a hybrid nonlinear controller 

based on the design model (Eq. 8) and an internal linear 
model to be implemented for a class of nonlinear systems for 
the purpose of disturbance attenuation. These detailed for- 
mulations and properties are introduced in the following sec- 
tion. 

Hybrid Nonlinear Control 

In this section, the hybrid nonlinear control that is given 
can simultaneously overcome the problem of unmeasurable 
disturbances that do not satisfy the matching condition, that 
is, it belongs to the set of DB in Eq. 7 ,  and the problem of 
the system trajectory asymptotically tracking the desired 
setpoint. 

Let us consider the plant (Eq. 1) based on the design model 
(Eq.8) for every t E [ t o , t , ] ,  such that it can be represented as: 

Under assumption 1, and using the input-output feedback 
linearization algorithm, yields: 

rn 

j = 1,2,. . . , n - r 

y = 5 1  (27) 

In the process control problem, the output y is usually re- 
quired to asymptotically track a setpoint, ysp, that is, lim y ( t )  

=y,,. At the present time the model-based control has be- 
come a popular and practical control design. In particular, 
the IMC is frequently used to improve the system robustness 
and performance (Morari and Zafiriou, 1989; Henson and 
Seborg, 1991; Shukla et al., 1992). Here the new hybrid non- 
linear controller containing an internal linear model will be 
presented as follows. 

First, the specified linear controllable model is described 
as: 

t + m  

where z is an r-dimensional state vector; A, is an r x r ma- 
trix, B,  is an r X 1 column vector, and C, is a 1 X r row vec- 
tor; vd is the model control input; and y, is the controlled 
output. This is an r-dimensional linear dynamics and the (Ao,  
B,) satisfies the controllability conditions (Callier and Des- 
oer, 1991). 

Second, this model (Eq. 28) will be used as an internal 
model for the design of a hybrid controller, for which the 
following assumption is needed. 

Consider that an internal model (Eq. 28) 
has the BIBS property, that is, the output ym and its r 
derivatives are uniformly bounded for a bounded value B,, 

Assumption 3. 

If the relative degree of the internal model is set as r ,  and 
the control input v, can be designed as an error feedback 
compensator: 

r 1 a18 - €'C,A',Z - c cr,,'-'C,Ah-'z , 
C, Ab- 'B ,  i =  1 

u, = 

where E > 0 is a tuning parameter, 6 E Yi is denoted as an 
error feedback signal, and the tuning parameters ai should 
be chosen such that: 

is a Hurwitz polynomial where s is a Laplace operator. Such 
the model in Eq. 28 can be formulated in the following form: 
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. .  
0 0 0 0  ".-I -a1 . * - 

Moreover, we can select a symmetric positive definite matrix 
P, to satisfy the following Lyapunov equation: 

A p ,  + P,A, = - I (34) 

where I is an identity matrix. Based on this design, there are 
two important properties to be investigated as follows. 

Regulation 
Selecting 6 = y - y + y ,  and a sufficiently small value 

of E in Eq. 30 is equivalent to the high-gain feedback control, 
that is, Eq. 32 can be reduced to 

and y ,  = 6. Then we obtain 

y ( t >  = y s p ,  V t  > 0 and lim y = y s p .  (36) 
(-30 

Choosing the unified parameters in pole placement de- 
sign, that is, 

the transfer function of Eq. 32 is then summarized as 

(38) 

In particular, this case at = 1 in Eq. 38 is equivalent to 
that of the IMC strategy that was introduced by Henson and 
Seborg (1991). Certainly, the control law in Eq. 30 possesses 
the IMC properties of good output regulation and no offset 
performance. Notice that from Eq. 36 the controlled system 
has an excellent output regulation when the small value of E 

is used. This situation can cause the actuator to have a vigor- 
ous control action in the feedback loop because the smallness 
of E makes the control input ud large, as seen from Eq. 30. If 
the unified parameters in Eq. 37 are chosen, then the selec- 
tion of parameters of the Hurwitz polynomial in Eq. 31 can 
be reduced to adjust the single parameter m l .  Adjusting aI  
and E is equivalent to adjusting the speed of the system re- 
sponse. 
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Stubiliv 
Selecting a quadratic function, v, = ~[dTp,[d and with 

the aid of Eq. 34, the time derivative of the quadratic func- 
tion along the trajectory of Eq. 32 can be written as: 

If I', I 0, we obtain 

It is shown that a model-based control strategy can account 
for disturbances and nonmodeling errors and leads to the 
state trajectory within a guaranteed precision. But a large 
modeling error (a large 6 )  or rapid decaying td (i.e., a suffi- 
ciently small E )  may induce the "peaking" phenomenon and 
destroy closed-loop stability as shown in Eq. 39. 

In this article, our philosophy of control design is that we 
avoid employing the high-gain control to attenuate input dis- 
turbances. We use the feedforward-like compensator to mini- 
mize the plant/model mismatch, which is the error between 
the controlled output y and the linear model output y,, to 
achieve cancellation of the disturbance as completely as pos- 
sible a priori. Therefore, the objective of this article is to con- 
struct a hybrid nonlinear controller that combines the feed- 
back linearizing control (Eq. 20) for the inner-loop structure 
as a feedforward-like compensator to provide corrective ac- 
tion, and the model-based control (Eq. 30) for the outer-loop 
structure as a robust compensator to pursue the superb out- 
put trajectory. 

To establish the complete control structure, we need to 
define the trajectory error e E 271' between the linearized sys- 
tem (Eq. 27) and the transformed internal linear model (Eq. 
32) as a new coordinate transformation, that is, 

Then, Eq. 27 can be further expressed as 

where AAL = [ A A l I , A A 1 2 , .  . . , AA,,IT = [~!- ,~h,L,~Lf~h, .  . . , 
L,,L;; 'hIT is an r X 1 column vector, A$t  = [ A 4 , 1 ,  

,..., A9,"-,IT=[Lo,771,Lo,772 ,...,L,,77"-rIT is an ( n - r )  
x 1 column vector for every z = 1,2,. . ., rn; ( A ,  B,  C) are in 
Brunovsky canonical form. 
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Id 
Controller (Eq. 44) 

I =  I 
Figure 1. Structure of the hybrid nonlinear control. 

Hence, the external control input u is selected as 

The closed-loop of the regular perturbation system of Eq. 41 
for every t E [ t , , t , ]  can be further constructed as follows: 

e, = Ce. (43) 

Combining the previous design Eqs. 20, 30, 37, and 42, the 
hybrid nonlinear controller can be summarized as 

The detailed structure of the hybrid controller is shown in 
Figure 1. 

It is important to note that the control law presented here 
consists chiefly of three different parameters p ,  a',  and E .  

The features of these parameters are addressed as follows. 
The function of p is that the nonlinearity cancellation in Eq. 
43 can be obtained when the parameter p agrees exactly with 
unmeasurable disturbance dss  after a finite time. In the next 
section, we will offer an estimation method of a single pa- 
rameter p i ,  i = l, or, i = 2 ,..., or, i = m, which replaces a 
series of tuning parameters of the given control law. Instead 
of a series of parameters p of the given control law, an ap- 
propriately chosen value of pi can compensate for the effects 
of unmeasurable disturbances on the system output. The 
smaller the E or the larger the al  we choose, the better the 
output regulation we have. But the case where the chosen 

value of E is too small (i.e., E < 1) or the chosen value of ctI 
is too large (i.e., a ,  > 1) gives the control loop a vigorous 
control action, should be avoided. 

Stability Analysis and Controller Parameter Tuning 
In fact, how to obtain an enact nonlinearity cancellation, 

that is, make the parameter p * ( t )  equally match the unmea- 
surable disturbance d ( t )  within a finite time, is an important 
and a very difficult task. However, using the available infor- 
mation, we focus our attention on improving the output regu- 
lation, the output tracking error el = y - y,", from the inter- 
nal model control scheme, as shown in Figure 1, and to de- 
sign an estimation method for computing an appropriate sin- 
gle parameter p , ,  i = 1, or i = 2, or, i = m. Such a control 
design will asymptotically cancel the nonlinearity without off- 
set in the output response. In this section, we will first inves- 
tigate robust stability conditions and performance results for 
the regular perturbation system (Eq. 43). Second, we will pro- 
vide a simple procedure of computing a single controller pa- 
rameter. Their proofs will be presented in the Appendix. 

Lyapunov stability analysis 
Here we use the approach of the indirect Lyapunov func- 

tion to establish the robust stability conditions and per- 
formance results. Before this becomes possible, knowledge of 
nonlinearity is required a pn'on'. This is stated in the follow- 
ing assumption. 

Assumption 4. The system described in Eq. 44 satisfies the 
BIBS condition. There exist some suitable positive constants 
y1,, y2, ,  y3 , ,  lit, 12< and 13,,  for every i = 1, 2, ..., m and t € [ t o ,  
tl], such that 

for every x E M", and p E II. Moreover, P, satisfies the Lya- 
punov equation (Eq. 34). 

Notice that these nonlinearities are considered to be non- 
vanishing in the desired operating point, that is, 

The proposed hybrid nonlinear controller will tolerate a 
class of perturbations (Eq. 43) to some extent to still achieve 
an overall system stability and to maintain some degree of 
output tracking performance. Hence, these properties are 
summarized in the following theorem. 

Assume that the plant in Eq. 1 satisfies as- 
sumptions 1-4. There then exist p I max ( &, &, .. . , &), 
p, 5 min ( p, l ; , )  and 12,  I l;,, for every i = 1,2,. . ., m, where 

Theorem 1. 
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such that the system states (Eq. 43) are uniformly bounded. 
Hence, there exist positive constants B, and Bd satisfying 

and a scalar function O ( - ) : 9 l m  -+ 8 with the property e(0) = 0, 
O( p) > 0, and pi # 0, for every i = 1,2,. . . , m. Under the ini- 
tial condition lle(0)11 I 2 m ,  the solution of the system 
satisfies 

where 

If a single disturbance enters into the system, then the re- 
sult of Theorem 1 can be significantly simplified. Consider 
the nonlinear system (Eq. 1) with a single-input disturbance, 
that is, in Eq. 43 i is any value of the set {1,2,. . ., m}, in which 
case the regular perturbation system as expressed in Eq. 43 
can be written as 

for every t E [to, t l] ,  where di E 2, AAi( . )  E W', A&(.)  E 
W"-r, and i is any value of the set {1,2, ..., m} ( i = 1  or i =  
2,. . . , or i = m). Furthermore, the derived results are shown 
as follows. 

Suppose that the regular perturbation system 
(Eq. 53) satisfies assumptions 1-4. Then the system states are 
uniformly bounded and the result of Theorem 1 in Eq. 51 can 
be reduced as 

Corollay 1. 

lel(t)l I K~ p i ,  as t -+m (54) 

where K~ 2 0 and i is any value of the set {1,2,. . ., rn}, 

It is worth noting that the nonlinearity in assumption 4, 
arising from every input disturbance during every time pe- 
riod, is expressed in terms of the cone-bounded structure. A 
more useful result can be established if the nonlinearity has a 
special structure, that is, the nonlinearity arising from the to- 
tal summation of input disturbances during every time period 
can be expressed in terms of the cone-bounded structure. This 
case will be defined as follows. 

The system described in Eq. 43 satisfies the 
BIBS condition. There exist some suitable positive constants, 
y:, y;, y:, 1T, l;,  and I;, for every t ~ [ t ~ , t ~ ] ,  such that 

Assumption 5. 

for every x E W", p E Il and P, satisfies the Lyapunov equa- 
tion (Eq. 32). 

Corollary 2. Assume that the plant in Eq. 1 satisfies as- 
sumptions 1-3 and 5. Then the system states (Eq. 43) are 
uniformly bounded. The solution of the system satisfies 

In this subsection, several categories of nonlinearity are 
discussed and the related results of robust stability are ob- 
tained. It is important to note that although Theorem 1 pro- 
vides much useful information, it is not convenient to use the 
resulting stability analysis in Eq. 51 because it is implicit. 
However, the results of robust stability in Corollary 1 and 
Corollary 2 will be useful. Since the inequalities in Eqs. 54 
and 58 are explicit functions in their arguments, pi or p* .  
Although these are relatively simple relationships, stability 
analysis results will be convenient to use for computing con- 
troller parameters. The application of these corollaries for 
computing controller parameters is established in the follow- 
ing subsection. 

Estimation of controller parameter 
In light of the results of Corollaries 1 and 2, the problem 

of developing a suitable method for estimating a controller 
parameter pi  in the hybrid control law for the purpose of 
minimizing pi or p* ,  which is equivalent to minimizing the 
signal e l ,  naturally arises. We will introduce a simple three- 
step rule for computing an appropriate tuning parameter for 
the case of a single-input disturbance. Of course, a similar 
method can be performed for the case of multiinput distur- 
bances. 

Vol. 41, No. 12 2571 



Parameter Computing Procedures 
On the basis of a priori estimation and open-loop 

system simulation for the following unforced system based on 
Eqs. 1 and 20 

Step I. 

the constants P,, yl,, y 2 , ,  y3,,  Y:, y2,*,  rf, Bd,  and B, should 
be first computed. 

Step 2. The constant K ,  can be computed from Eq. 55. 
Step 3. The iterative procedures for computing p ,  are 

outlined as follows: 
Suppose that the positive or negative sign of d, is known 

a priori. We suggest that the initial value of a tuning parame- 
ter can be chosen as zero. We define 

where the symbol sgn(.) is a sign function, 

sgn [d , ( t ) l= + 1, if d , ( t )  2 0 

sgn [d , ( t ) l=  - 1, if d i ( t )  < 0 

and p , ( l )  represents the first iteration of the tuning parame- 
ter based on t = t, and t ,  E [t,,t, 1. Here 7 is a positive pa- 
rameter, 0 < T I l, and is used for accelerating the conver- 
gence of estimation. Notice that the le,l signal is obtained 
from the difference between the plant output and the model 
output. 

The nth ( n  > 1) iteration of the tuning parameter is con- 
structed in the form of 

If the error Ip,(n - 1)- p,(n)l I an error tolerance, then 
the iterative procedure is complete. 

A detailed computing flow chart for parameter computing 
procedures is given in Figure 2. Consequently, we will show 
that such a parameter computed from the just-mentioned 
procedures will achieve some degree of nonlinearity cancella- 
tion. This property is summarized as follows. Before we pro- 
ceed to state this property, the input-output model of Eq. 43 
is required a priori. 

Proposition 1. Assume that the system (Eq. 43) satisfies 
assumption 2, and d i  and AA,,, for every i = 1,2,. . . , m and 
j = 1,2,. . . , r are continuously differentiable. Then the 
input-output model can be expressed in the following form 

2572 December 1995 

t=t+At 

i ‘  
Read initial states ( x ,  z ) and some parameters @,@,€,7,d 

t no 

I Computing the hybrid nonlinear control (Eq.44) 1 
Solving nonlinear processes + 

no 

k=k+l 

Figure 2. Flow chart of computing controller parame- 
ters. 

where 8,(t) = d,(t)-  p , ,  for every I = 1,2,. . . , m and t E [t,,, 

After a sufficient number of times comput- 
ing procedures based on the previous parameter computing 
method, the absolute error signal le, I can converge to a suffi- 
ciently small size. Then, the parameter p , ,  where i is any 
value of the set {1,2, .. ., m}, exists and is bounded. 

A similar computing method can be performed for the case 
of multiinput disturbances. First our treatment method is to 
compute a single parameter instead of a series of parameters 
of the controller. Second we follow similar procedures as de- 
scribed in step 1 and step 2, but replace the calculation of k,  
with that of k ,  as shown in Eq. 58. Since we only have the 
information, e,, we can only compute a controller parameter 
during a computing cycle like step 1-step 3. Intuitively, the 
best choice of i of p,  is the dominant direction of the rnulti- 
input disturbances. Such a choice should achieve the maxi- 

t13. 
Proposition 2.  
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Table 1. Dimensionless Group for the CSTR Model 

Ud4 E *=- 0, = ko7,, exp(- $1 p =-- 
RT,/l, ' P0,Cp.F. 

T , / o  - 

Trio 

UA(T, - T,)  7 ( -  A H ) C A f o  
B =  x ---* - 

pc = P,,,Cp,F, v, %cPrTr/o 3/ - 

t* 
Dimensionless time t = -  

Dimensionless concentration x , = 1 - -  c.4 
CA,O 

c/o 
T, - Tfo 

T , f o  

VJFr Dimensionless manipulated input u=- 
7 4  

T , - T  
9 

* x3 = ___ 

- rJo 
2 -  Dimensionless reactor temperature 

Dimensionless cooling jacket temperature 

Inlet stream concentration d , = l - -  Car 
CA f (1 

T., - T,,o 

T., 11 

T,/ - TJll 
Ti" 

Inlet stream temperature d , = p  * 
(I/ d ,  = ___ Inlet cooling stream temperature 

mum degree of nonlinearity cancellation. An illustrative ex- 
ample will demonstrate these features in the next section. 

Application 

CSTR is mathematically modeled by 
A first-order exothermic reaction A + B carried out in a 

k ,  exp ( - E/RT,)C, 

UA(Tr - ?;) - 
P,,Cp,V, 

(64) 

where C, is reactant concentration, T is temperature, V is 
volume, F is flow rate, p, is density, and Cp is heat capacity. 
Reactor and cooling jacket values are denoted by subscripts r 
and j ,  respectively, and the inlet feed values are denoted by 
subscript f. The remaining notation is defined in the Nota- 
tion section and the detailed formulations are also shown in 
Poslavsky and Kantor (1991). 

The system (Eq. 64) can be written in the following dimen- 
sionless form: 

[ /( 31 i , = - x , + D , ( l - x , ) e x p  x2 1 + -  + d ,  

[ /( 31 x2=-x,+BD,(1-x,)exp x2 1+- 

- P , ( x ~  - xj) + d, 

x, = pc(xz - x , )  + ( x , f  - x , ) u  + d,u (65) 

where the dimensionless variables and parameters are de- 
fined in Table 1. The control goal is to regulate reactor tem- 
perature x 2  at its setpoint value, that is, lim x , ( t )  = y,,, by 
manipulating the cooling stream flow rate u.  The nominal 
system parameters and operating condition used in numerical 
simulations are 

1 - m  

If we set ud = 0.97, we can obtain a stationary operating point 
as initial conditions, x;' = 0.65, x t  = 3, and x $  = 0.25. 

The unmeasurable disturbances (Eq. 65) can be formu- 
lated as 

Here, d,,  d,, and d, are considered as the constant step 
change, so the resulting perturbed equilibrium point still ex- 
ists in the neighborhood of the nominal operating point. Us- 
ing the previous design algorithms in Eqs. 8-10 and assump- 
tion 1, we first consider the design model with tuning param- 
eters as follows: 
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1 

Let us choose the coordinate transformations with parame- 
ters during every time period, that is, t E [ to,  t , ] :  

which transforms Eq. 72 into the following form 

i l  = 5 2  

j 2  = L f d X 2  + U L , L f d X 2  

i = q( 5,771 

y = x, = 51, (70) 

where q ( 5 ,  v)= - ~ + D , ( l - ~ ) e x ~ [ 5 ~ / ( 1 + ( 5 , / ~ ) > 1 + p ~ .  
Moreover, the zero dynamics can be described in the form of 

It is clear that the zero dynamics is exponentially stable for 
initial condition ~ ( 0 )  2 [(D, + p,)/(l + Do)]. By definition, 
this design model is minimum-phase and has relative degree 
two. Second, we select a controllable model as an internal 
model for output regulation. 

i ,  = 2 2  

i2 = C ] Z I +  c2z2 + Ud 
Yrn = 21 (72) 

where zl(0)= t1(0), z2(0)= t2(0), c1 and c2 are the known 
constants, and ud is the input signal. As defined in Eq. 34, 
the parameterized feedback is 

v, = €-'[ cY1(ys, - y + y , ) -  E 2 ( C 1 L 1  + C 2 Z 2 >  

- a121 - a 2 € Z 2 ] .  (73) 

Furthermore, a hybrid nonlinear controller is constructed as 

(L:dx,)+ U(L,LfdX2) = v 

v = E - 2 c Y l ( y , ,  - y + y , )  + a,[(1- €-2)z ,  - 511 

+2&q(l- E-112, - 521, (74) 

and w(x2) = exp[x2/(l +(x2/+)]. We must carefully select 
the parameter p 3  to make sure that the term, [ P r ( x 3 ,  - x , )+  
p31, is not zero as long as p3 + - pr[x3 ,  - x3(t)] for every t E 
[to,tl 1. Thus, we obtain the specified closed-loop system for 
every t E [t,,tl] as follows: 

where el = x2 - z , ,  e2 = 5, - z,, C =[1,0], 

r 1 1 

A A , = [ & ] ,  A + , = l ,  and A & = A & = o .  (77) 

Here, we consider the coefficients (c,,c,) = (4,4) for the in- 
ternal model (Eq. 721, and a ,  = 1 for the control (Eq. 74). 

Thus, we calculate P, = 1 9r, ps, 1, which satisfies the follow- 
pq ps, 

ing Lyapunov equation: 
L J 

December 1995 Vol. 41, No. 12 AIChE Journal 2514 



0.80 

xr0.?2 

0.64 

0.m 

0.48 

6.0 

d,"= 0.05 
&"=0.5 

nominal 

. -.__.. - - 1.e 
I ,  - - _ - _  & O = 2  

Figure 3. (a) Response of state x, under the maximum disturbance dp = 0.05, d$'= 0.5, and d: = 2, respectively; (b) 
response of state x2 under the maximum disturbance d:=O.O5, d$'=0.5, and d:=2, respectively; (c) 
response of state x3 under the maximum disturbance dp=O.O5, d$'=0.5, and d:=2, respectively; (d) 
response of manipulated input u under the maximum disturbance dp = 0.05, d: = 0.5, and d: = 2. 

Thus, we obtain P, = [ ky :,',I. Therefore, the maxi - 
mum (minimum) eigenvalue of P, can be shown as 

Next, we will provide a series of numerical simulation results 
for this reactor system based on the nonlinear controller (Eq. 
74). Here we consider the external disturbances, including 
concentration, reactor temperature, and temperature pertur- 
bation of the cooling jacket, that exist alone or simultane- 
ously in the CSTR process. Observing the advance simulation 
results, we find that the manipulated input response is smooth 
when a ,  = E = 1 is used. Practically, the bounded control ac- 
tion, Iul I 3, is set. 

Single-input disturbance rejection 
We consider the case of a single disturbance entered into 

the system. Suppose that the bounded disturbance is de- 
scribed as Id,/ 5 0.05, or Id2( 5 0.5, or ldsl s 2. First, we se- 
lect the maximum values, df = 0.05, d$ = 0.5, and d: = 2, re- 
spectively, to perform off-line simulation for the unforced 
CSTR system based on the nominal operating point. Figure 3 
shows that the system is stable and is bounded in maximum 
do. Second, we shall estimate the constants y,,, y2,, y3,, Bd, 
and B, based on Figure 3. Thus, we consider that a single 
disturbance d,  existed in the system, by assumption 4, so the 
bounds can be described as 
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Using the Taylor expansion in t , ( O )  = 0 and ~ ( 0 )  = 0, we ob- 
tain 

0.72 

0.64 

0.56 

0.48 

E 010 
0.32 

a 0.24 

io do 30 40 do do 70 80 w -0.08 . , , .  . 1 . 1  . . . .  , 1 . I . I . . 1 1  . . . .  . . . . , . . . .  I . . . . T . . . . l  

and 

100 

51 
y,] = 1 . 1 2 ~  BD, exp 

0.04 

.__ _______. "...yy 
L _ _ _ ,  ,._______.. 

: f  + - - - ,  
0.02 - I 

h p ,  9 =-0.029978.~=1 
0 ps  6 =0.03,~=0.05 I 

I 
E 0.00 :- z 

- _ - - -  PI I 1  8 =0.029990.+=0.~ 
4 

, I  

Q a 
-0.02 - 

3 Ib i 0  i0 40 i0 60 70 80 do -0.01 r . 1 .  . . . .  I , . ,  . . . .  I . . . .  - 1 . .  I . . . . I . . . . I . . . .  , . . .  

From Figures 3b and 3c, estimating 16, - tfl= 0.62 and I 6, 
- .$;I = 0 yields 

100 

and selecting lr] - qdI = 0.09 from Figure 3a, we obtain llr]Il< 

0.09 = B,. Therefore, from the result of Corollary 1, we select 
a suitable constant 

Similarly, if a single disturbance d, existed in the system, by 
assumption 4, the bounds can be described as 

Using the Taylor expansion in t1(O) = 0 and ~ ( 0 )  = 0, we ob- 
tain y,, = 1.49, y,, = 1.66, and y3, = 3.83. From Figure 3a, 
3b, and 3c, and estimating I - [:I= 2.8, 1 5, - [$= 0.5, and 
117 - vdl = 0.27, we get 11 5 I( I 2.84 = B, and 1(q11 I 0.27 = B,. 
Therefore, from the result of Corollary 1, we select a suitable 
constant K~ = 94.12. For the other disturbance d,, based on 
Figure 3d, we can estimate 

and select yl, = 0, y,, = 0, and y,, = 1.68. Therefore, from 
the result of Corollary 1, we obtain K, = 19.58. Finally, we 
follow the parameter computing procedures described in Eq. 
61 to compute p , ,  p , ,  and p , .  We will provide a series of 
numerical simulations for a single disturbance d,, or d, or 
d,, entered into the system to evaluate the versatility of the 
proposed method. 

(1) Figure 4 shows that the system uses the ability of the 
closed-loop system to reject disturbances based on the hybrid 
control law in Eq. 74 and the piecewise dynamic behaviors of 

3.36 , I :::li 3.24 

2.w v 1 
0 '  ' ' 'Lo' ' ' 'do' ' "io' ' i o  ' 'do do io no do IW 

Time 
2.02 

tuning parameters. As shown in Figure 4a, the output re- 
sponses have no steady-state errors and asymptotically 
achieve disturbance rejection. The corresponding mismatches 
between the plant output and the internal model output are 
plotted in Figure 4b. Figure 4c shows the corresponding dy- 
namical profiles of tuning parameters pl,  p , ,  and p , .  
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pl(B)=-O.OCSBB ,T=1 
no compepaation,p=O 

Time 
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Time 
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3 0.1 

0.8 

0.4 

0.2 

0.0 

p~(8)=1.99S023 ,T=0.2 
no compensation,p=O 

4.0 
c, 

% 
4 
1 
0 

3.0 

2.0 

Time 
Figure 5. (a) Concentration response under a single-in- 

put disturbance d,= -0.05 at t = O ,  and pa- 
rameter perturbations of 3% in B and D, after 
t = 100; (b) concentration response under a 
single-input disturbance d, = 0.5 at t = 0, and 
parameter perturbations of 3% in B and D, af- 
ter t = 100; (c) concentration response under 
a single-input disturbance d, = 2 at t = 0, and 
parameter perturbations of 3% in 6 and D, af- 
ter t=100. 

I -  i , ' __ '  5 

.-. 
I - - -  : I (  

,-. ; I '* '\,/fl 
: - 

(2) Figure 5 shows that the system uses the robustness of 
the controller with respect to the modeling errors. It is evi- 
dent from Figures 5a, 5b, and 5c that the output responses 
with dashed lines have no steady-state errors and asymptoti- 

-0.2 . , . , , , , , ,  , . l . , , l l l , . . . I  
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0.0 1 . . . . , . . . . , . . , . , . . . . , . . . . , . . . . , . . . . ,  ~ , . . , , , , ,  / . . .  

0 10 20 30 40 50 80 70 80 SO 
Time 

(0 
10 

n l  

cally achieve disturbance rejection for a single-input dis- 
turbance d ,  = -0.05, d ,  = 0.5, and d ,  = 2, respectively, ini- 
tially entering into the plant, and after t = 100 the plant hav- 
ing 3% parametric perturbations in B and 0,. Notice that 
the output responses with solid lines, which suggest the con- 
troller parameters, show the oscillating characteristics in Fig- 
ures 5a and 5b, and the divergent phenomenon in Figure 5c. 
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Figure 7. (a) Concentration response under a positive 
and negative setpoint step change with a sin- 
gle-input disturbance d, = 0.5; (b) corre- 
sponding manipulated input u; (c) corre- 
sponding response of the plant/model mis- 
match ( y  - y,). 

0 

Figure 8. (a) Concentration response under positive 
and negative setpoint step change with a sin- 
gle-input disturbance d, = 2; (b) correspond- 
ing manipulated input u; (c) corresponding 
response of plant/model mismatch ( y  - y,). 

The excellent robustness property of the hybrid control law is 
verified by these simulation results. 

(3) Figures 6, 7, and 8 show the system responses for the 
ability of the closed-loop system to track a positive and nega- 
tive setpoint change on the basis of the previous computing 
results, p ,  = - 0.04996, p 2  = 0.5, and p 3  = 1.999943, for a 
single-input disturbance, d,  = - 0.05, d, = 0.5, and d, = 2, 

respectively. A series of setpoint changes are illustrated in 
Table 2. It can be seen from Figures 6a, 7a, and 8a that the 
output responses of our proposed method (solid line with tri- 
angular marks) have satisfactory output regulation. The solid 
lines represent the high-gain control, that is, the case of E = 

0.1, without performing the parameter estimation. For this 
reason, these cases (solid line with triangular marks) have 
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Table 2. Test Signal Applied for Controller Evaluation in the 
Case of Single-Input Disturbance 

Step change Step change Step change 
for d ,  = 0.5 for d ,  = 2 

Time (Figure 6a) (Figure 7a) (Figure 8a) 

0 y,, = 3.0 y,, = 3.2 y,, = 2.5 
20 yrp = 3.2 ysp = 3.4 y,, = 2.3 
40 y,, = 3.4 y,, = 4.0 y,, = 3.0 
60 ysp = 3.6 y,, = 3.5 y,, = 4.0 
80 y , ,  = 3.0 y , ,  = 3.0 y,, = 5.0 

for d ,  = -0.05 

fewer mismatches than those cases represented by the dashed 
line, as shown in Figures 6c, 7c, and 8c, respectively. Al- 
though the case of high-gain control ( p  = 0 and E = 0.1) has 
a large plant/model mismatch, by the analysis of Eqs. 35 and 
36 it still has the best output tracking response. The cost of 
this performance is high control activity, as shown in Figures 
6b, 7b and 8b, respectively. 

0.88 h 

- d,0=&0=c&0=0.05 
- _ -  nominal point 

0.38 I I 
4 I 

d,0=+0=&0=0.05 
nominal point 

x3032 0.30 ii \ - 

Multiinput disturbances rejection 
Here we consider that the external disturbances with 

boundedness, lldll I 0.05, simultaneously enters into the 
CSTR reactor system. First, we select the maximum values 
df = d t  = d; = 0.05 to perform off-line simulation for the un- 
forced CSTR system based on a nominal condition. Figure 9 
shows that the system is open-loop stable and is bounded in 
maximum do. Second, we need to estimate constants y ; ,  y; ,  
y;,  B,, and B, based on Figure 9. Thus, we see that multiple 
disturbances existed in the system, by assumption 5 and using 
the Taylor expansion at C1(O) = 0 and ~ ( 0 )  = 0, so the bounds 
can be described as 

We can select yT = 3.15, y: = 1.66, and yT = 7.17. From 

u 
2.5 

Time 
0 

Figure 9. (a) Response of state x, under the maximum disturbances d!=di=d!=0.05;  (b) response of state x2 
under the maximum disturbances dp = d$ = d: = 0.05; (c) response of state x3 under the maximum distur- 
bances dp = d; = d i  = 0.05; (d) response of the manipulated input u under the maximum disturbances 
df = d! = d i  = 0.05. 
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Figures 9b and 9c and estimating 1 - [:I= 0.447 and I E2 - 
<,"I = 0.05, yields )I 6 11 5 0.45 = Bd, and from Figure 9a select- 
ing 1 0  - qdl = 0.07, we obtain 11711 s 0.07 = B,. Therefore, 
from the result of Corollary 2 we select a suitable constant 
K" = 100.11. Finally, we follow the parameter computing pro- 
cedures to compute pl,  p 2 ,  and p 3 ,  respectively. 

(4) Figure 10 shows that the system uses the ability of the 
closed-loop system to reject disturbances based on the hybrid 
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Figure 11. (a) Concentration response under multiinput 
disturbances (dl, d,, d,) = (-0.03, 0.01, 
0.01) at t = 0, and parameter perturbations of 
3% in 6 and D, after t = 100; (b) concentra- 
tion response under multiinput disturbances 
(dl, d,, d,)=(-0.03, 0.01, 0.01) at t = O ,  and 
parameter perturbations of 3% in 8 and D, 
after t = 100; (c) concentration response un- 
der multiinput disturbances (dl, d,, d3)=  
(-0.03, 0.01, 0.01) at t = O ,  and parameter 
perturbations of 3% in 6 and D, after t = 100. 

control law in Eq. 74 and the piecewise dynamic behaviors of 
tuning parameters. As shown in Figure 10a, the output re- 
sponses have no steady-state errors and asymptotically 
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Figure 12. (a) Concentration response under a positive 
and negative setpoint step change with mul- 
tiinput disturbances (d, ,  d,, d,) = ( -0.03, 
0.01, 0.01); (b) corresponding manipulated 
input u; (c) corresponding response of the 
plant/model mismatch ( y  - y,,,). 

achieve disturbance rejection. The corresponding mismatches 
between the plant output and the internal model output are 
plotted in Figure lob. Figure 1Oc shows the corresponding 
dynamical profiles of tuning parameters p , ,  p 2 ,  and p 3 .  

(5) Figure 11 shows that the system uses the robustness of 
the controller with respect to modeling errors. It is evident 
from Figures l l a ,  l l b  and l l c  that the output responses 
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Table 3. Test Signal Applied for Controller Evaluation in the 
Case of Multiinput Disturbances 

Time Step Change 
0 y,, = 3.2 

40 ys ,  = 3.6 

80 v... = 3.0 

20 y s p  = 3.4 

60 y,, = 3.3 

(dashed lines) have no steady-state errors and asymptotically 
achieve disturbance rejection for multiinput disturbances ( d l ,  
d,, d,) = (- 0.03, 0.01, O.Ol), initially entering into the plant, 
and after t = 100 the plant having 3% parametric perturba- 
tions in B and 0,. Notice that the output responses (solid 
lines, which do not perform the parameter estimation) show 
the large oscillating characteristics as shown in Figure l la ,  
l lb,  and llc. The good robustness property of the hybrid 
control law is verified by these simulation results. 

(6) Figure 12 shows the system responses for the ability of 
the closed-loop system to track a positive and negative set- 
point change by using previous results, p 1  = -0.033285 and 
( d l ,  d,, d,) = (- 0.03,0.01,0.01). A series of setpoint changes 
is shown in Table 3. Figure 12a shows that the output re- 
sponses of our proposed method (solid line with triangular 
marks) have satisfactory output regulation. The solid line 
represents the high-gain control, that is, the case of E = 0.1, 
without performing the parameter estimation. For this rea- 
son, the case (solid line with triangular marks) has a smaller 
mismatch than that of the case represented by the dashed 
line, as shown in Figure 12c. Although the case of high-gain 
control ( p  = 0 and E = 0.1) has a large plant/model mis- 
match, by Eqs. 35 and 36 it still has the best output tracking 
response. The cost of this performance is high control activ- 
ity, (Figure 12b). 

Conclusion 
A hybrid nonlinear control strategy associated with the 

structure of a regular perturbation system for the analysis and 
synthesis of the robust output regulation problem for a class 
of nonlinear systems with unmeasurable disturbances is pre- 
sented. An illustrative example of CSTR is given to demon- 
strate the applicability of the proposed methods. Simulation 
results show that the proposed feedforward-like compensa- 
tion with an admissible parameter by the simple parameter 
estimation is successfully applied to reject the single-input 
disturbance and multiinput disturbances problems. An im- 
portant advantage of the proposed controller is that it can 
attenuate the effects of unmeasurable disturbances on the 
system output without using the conventional technique of 
high-gain feedback control. It can therefore avoid having ac- 
tive control actions and vigorous control moves in the control 
loop. The presented control method is suitable for process 
control. 
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Notation 
A = heat-transfer area 

Caf =reactant concentration in the feed 
CAl0 =base value of concentration in the feed 
Cp, =heat capacity of cooling jacket 
Cp,= heat capacity of reactor 

E =activation energy 
F, =volumetric feed rate 

A H  =heat of reaction 
k ,  =rate constant 
R =ideal gas constant 
T, =reactor temperature 
Tr, =reactor temperature in the feed 

T,fu =base value of temperature in the feed 
T, =cooling jacket temperature 
U = heat-transfer coefficient 
V, =reactor volume 
5 =cooling jacket volume 

Greek letters 

6 ,  td, 7 =transformed state vector 
a, =adjustable parameters 

pt =upper bounds 
1, y =upper bounds 

E =tuning parameter 
po, =density of reactant 
po, =density of cooling jacket 
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Appendix 
Proof of Theorem 1 

To obtain the boundedness result. we define: 

with Wl(e) = eTPse, where W 0 ( ~ )  is defined in Eq. 24 and p 
is a strictly positive constant to be determined. Note that yrn 
and its r derivatives are bounded in Eq. 29. Thus, for a given 
bounded Bd, we obtain: 

Differentating W(e,T) along the trajectory of the system in 
Eq. 43, we obtain: 

Under assumptions 2 and 4, this can be written as: 

- (2  - [ p k 4 ( ;  + Pill,) + PiY2,]l17711) 2 

- ( &k3 - [ Pk4(f  + P A L )  + P1Yz , l2 -  Pk, Pl12,)  1177112 
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If we can define 1; = ( 3 k 3 / 8 p f k , )  and select 12r  E (0, I:,) for 
every i = 1,2,. . . , m, then we can set 

(A5) 

all pi I min( p, IT, ) .  So 

Consequently, the states e and 77 are uniformly bounded for 
all t E [0, m]. To investigate the ultimate bound of mismatch 
between the plant and the model in terms of p,  we assume 
there exists a positive constant B, such that 117711 I B,. Using 
W,(t), which is differentiated as 

Consider the following inequality 

Then Eq. A8 can be reduced as the form of 

If we select the initial condition, lle(0)11 I 2-, we obtain 

Thus the states are uniformly bounded in the size of the 
residual set, which is proportional to 6( p),  with the property 

0 6(0) = 0, 6( p )  > 0, with p # 0. 

Proof of Corollary I 
Equation A1 and the same algorithms that are described in 

the previous proof will be used. Differentiating W(e, 7) along 
the trajectory of the system in Eq. 53, and simplifying some 
terms, we obtain 

Next we can define 

After selecting 12, E (0, 11*,1 for all ~ l .  I p: and all pi I m i d  P, 
l;,), we obtain 

Thus, states e and 77 are also uniformly bounded for all t E [O, 
a). Moreover, using Wl(t), we obtain the boundedness 

Thus the states are uniformly bounded in the size of the 
residual set, which is proportional to p,, for i = 1 or i = 2,. . . , 
o r i = r n .  0 

Proof of Corollary 2 

inequality, and assumptions 2 and 5,  we obtain 
Under the previous results for Corollary 1, the Schwartz 
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Then we can define 

Under 1; E (0, kT I, for all p I p: and all p* I min( P, k;), 
we obtain 

Consequently, states e and 7 are also uniformly bounded for 
all t E [0, m). In the same way, we obtain the output tracking 
error 

where 6, =( p*)2[(yfBd + y:I2 +(y;B,)2]. Therefore, if t 
0 -+ m, we obtain the results. 

Proof of Proposition 1 

put error as follows: 
Here we can direction calculate the derivatives of the out- 

+ [ d i ( t ) -  pi](r-i)L,,Lfd-lh I 1  

This completes the proof. 

Proof of Proposition 2 
From the result of Barbalat's lemma (Khalil, 19921, if Eq. 

62 exists and i is finite, then lel(t)l I i as t 4 nt, (sufficiently 
large n), where i(i 2 0) is a sufficiently small value. After a 
period of time, that is, t + nt,, the time derivatives of el') 
and will approach sufficiently small values. Then Eq. 63 
can be written as: 

. I "  

Moreover, choosing m = 1, yields: 

I .  

lim a l e l =  lim e(t) c [ A A $ : - J ) ( x , p , u ) ]  
j =  1 

r I 
{ f + nt,  t -t n f ,  

+ c aj c [ A A $ : - k ) ( x , p , u ) ]  . (A211 
j = 1  k = l  

Obviously, when the signal le,( is below a sufficiently small 
value, the parameter p i  will converge to a fixed value, for 
i = 1 or i = 2,. .., or i = m. 0 
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